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QHTPOMNUA HEPHOW AblIPbl B MOAEJNIN PEUCHEPA —
HOPACTPEMA — E CUTTEPA / ENTROPY OF
REISSNER-NORDSTROM-DE SITTER BLACK HOLE

AHHoTanusa. Hacmosiwas pa6oma nocesiujeHa pazeumuro MaKkpocKkonu4eckux Memodos aHaau3a Guauku 8bICOKUX IHepaull.
B npakmuyecku 8axcHOM cay4ae 4epHol Oblpbl 8 peAsiMUBUCMCKOU KocMo102uveckol modeau (ecesneHHoli de Cummepa)
paccmMompeHo onucaxue ee 380410YUU 8 PAMKAX PEHOMEHO0.102UHeCK020 N00X00a, aHA102UYHO20 KAACCUYecKol mepmoou-
HaMmuke, koeda naiowads 4epHoll dblpbl Uzpaem poab SHMPONUU, d NOBEPXHOCMHAS 2pA8UMAYUSL, CO0MBEeMCMEEHHO, POab
memnepamypul. [Ipedmemonm uccsedogaHusi cmaau cnocobsl paciema 3 hekmugHbviX mepMoOUHAMUYECKUX 8eAUYUH Yep-
HOU Oblpbl. [Ipu nodcueme sHmponuu 4epHotl dblpbl UCNOAb308AHA 2UN0Mme3sd 83auMo3a8UCUMOCTIU 20pU30HMA CO6bIMUTL U
KOCMO0./102U4ecK020 20pU30HMA.

A5 peweHuss nocmagieHHOU 3a0a4u UCNO01b308AHbL CUCMEMHBLI U CMPYKMYPHO-PYHKYUOHANbHYLI N00X00bl, MeModbl KOC-
MOJ102UU, PeASMUBUCMKOU MEXAHUKU U 2e0Mempu1eckoll meopuu ms2omeHust IHwWmMeliHa, 8 YaCMHOCcmMu, moyHsle peueHus
ypasHeHull o6weli meopuu 0MHOCUMEAbLHOCMU C KOCMO/102Uu4eckoll nocmosiHHol 0151 mempuku Petlicnepa - Hopdcmpéma
npu ONUCAHUU NPOCMPAHCMBA-8PEMEHU.

HalideHo aHaaumuueckoe peweHue 015 nodcyema noaHot 3Hmponuu chepudecku CUMMEMpUYHOU cCmamuyHoll 3apsiHceHHOU
uepHoli dbipbl 8 Modeau Peticnepa - Hopdcmpéma dast npocmpaHcmea de Cummepa. [TokazaHo, ymo evipasxceHue 0151 3HMpo-
nuu ek/04aem 8 cebsi He MoOJbKO CYyMMY IHMponull 20pu3oHma cobbimuil 4epHoli dblpbl U KOCMO102UHECKO20 20pU30HMA, HO
makaice doNoAHUMEAbHBIU YAeH, yHumbleaowuli nepenymolgaHue mMexcoy Humu. [losyyeHHbvle pe3y1bmambvl mepMoOUHAMUKU
YepHbIX Oblp y2ay6510Mm AHA/I02UK € NeP8bIM HAYA10M KAACCU4eCKOU mepMoOUHAMUKU, YMO pacuupsiem NpuMeHUMOCMb
nodxoda 0151 KOCMO102U4eCKUX UCCAO08AHULL.

K/iro4eBble cao0Ba: Kocmos102us, 06wass meopusi omHocumeabHocmu, ecesaeHHass de Cummepa, mempuka Pelicnepa
- Hopdcmpéma, gpusuka 4epHblX 0blp, 20pU30HM CO6bIMUL, KOCMOA02UYECKUL 20pU30HM, NOBEPXHOCMHAS 2pasumayus,
IHmMponusl.

Abstract. The paper studies the development of the macroscopic methods of high-energy physics analysis. The authors con-
sider the evolution of black holes within the phenomenological approach, analogous to classical thermodynamics, in which
the black hole area determines its entropy, and the surface gravitation, correspondingly, - the temperature, in the framework
of the relativist cosmological model (de Sitter universe). The research subject is the ways of calculation of effective thermo-
dynamic properties of black holes. To calculate a black hole entropy, the authors apply the event horizon and cosmological
horizon interdependence hypothesis. To accomplish the research task, the authors apply the system and structural-functional
approaches, the methods of cosmology, relativistic mechanics and Einstein’s geometric theory of gravitation, in particular,
the exact solutions of the Einstein field equations with the cosmological constant for the Reissner- Nordstrém metric for the
space-time description. The authors find the analytical solution for the calculation of the total entropy of a spherically sym-
metric charged black hole in the Reissner- Nordstrém model for de Sitter universe. The paper shows that the expression for
entropy includes not only the sum of entropies of the event horizon and cosmological horizon of the black hole, but also the
additional term, taking into account their entanglement. The obtained results of black hole thermodynamics extend the anal-

ogy with the first law of thermodynamics, thus broadening the applicability of the approach to the cosmological studies.

Keywords: Black holes Physics, Reissner-Nordstrém metric, de Sitter space, General relativity theory, Cosmology, Theoretical
Physics, Event horizon, Cosmological horizon, Entropy, Surface gravity.
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he astronomical observations show that our Universe is probably approaching de Sitter one [1-4].

However, as is well known that in de Sitter space there is no spatial infinity and no asymptotic Killing

vector which is globally timelike [5]. Moreover, black holes in de Sitter space cannot be in thermo-

dynamic equilibrium in general. Because there are multiple horizons with different temperatures
for de Sitter black holes. To overcome this problem, one can analyze one horizon and take another one as the
boundary or separate the two horizons by a thermally opaque membrane or box [6-7]. In this way, the two
horizons can be analyzed independently. Besides, one can also take a global view to construct the globally
effective temperature and other effective thermodynamic quantities [8-9]. No matter which method is used,
the total entropy of de Sitter black hole is supposed to be the sum of both horizons, namely S=S,+S [10].

We think that the truth may be not so simple because the event horizon and the cosmological horizon
are not independent. There may exist some correlations between them due to the following considerations.
We can take the Reissner-Nordstrom-de Sitter (RNdS) black hole as example. There are first laws of thermo-
dynamics for both horizons. According to [11], the first laws for the black hole horizon and the cosmological
horizon are respectively:

dM =T,dS, +®,dQ +V,dA,

dM =-T dS, +® dO+V.dA, @
where M is the conserved mass in dS space, ® and Q stand for the electric potential and electric charge,
and A is the cosmological constant. Including the variable A, the above first laws can have corresponding
Smarr formulae, which are also given in [11]. The two laws in Eq. (1) are not truly independent. They depend
on the same quantitiesM, O, A. All the geometric and thermodynamic quantities for the both horizons can be
represented by M, O, A. Therefore, the size of black hole horizon is closely related to the size of the cosmologi-
cal horizon, and the evolution of black hole horizon will lead to the evolution of the cosmological horizon.
Considering the correlation or entanglement between the event horizon and the cosmological horizon,
the total entropy of the RNdS black hole is no longer simplyS=S, +S , but should include an extra term from
the contribution of the correlations of the two horizons.
The line element of the RNdS black holes is given by

ds® =—h(r)dt’ + h(r)'dr* +r’dQ’, (2)

where

2
h(r)zl—%+Q—2—Ar2, (3)

7 7 3

There are three positive real roots for h(r)=0. The smallest one r_is the inner/Cauchy horizon, the inter-
mediate one r, is the event horizon of black hole and the largest one is the cosmological horizon.

Generally, the temperatures at the event horizon and cosmological horizon are not equal. Thus, the
whole RNdS system cannot be in equilibrium thermodynamically. However, there are two special cases for
the RNdS black hole, in which the temperatures at the both horizons are the same. One case is the so-called
Nariai black hole, the other is the lukewarm black hole [12-15]. For the Nariai black hole, the event horizon
and cosmological horizon coincide apparently and have the same temperature, zero or nonzero [16].

Considering the connection between the black hole horizon and the cosmological horizon, we can derive
the effective thermodynamic quantities and corresponding first law of black hole thermodynamics™:

* One can also take the cosmological constant A as the pressure and then derive the effective volume. In this case the effective
first law should be: dM=TeffdS+¢effdQ+VeftdP. This has been done in another paper.
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dM =T, dS — PydV +®,dQ @

Here the thermodynamic volume is that between the black hole horizon and the cosmological horizon,
namely

V=4Tn rc3—rf):4an3(l—x3), (5)

v
where x =—/.

VC
The total entropy can be written as
S=8,+S,+S, =nr’[1+x + f(x)]. ©)

Here the undefined function f(x) represents the extra contribution from the correlations of the two
horizons. Then, how to determine the function f(x)?

In general cases, the temperatures of the black hole horizon and the cosmological horizon are not the
same, thus the globally effective temperature T .cannot be compared with them. However, in the special
case, such as lukewarm case, the temperatures of the two horizons are the same. We conjecture that in this
special case the effective temperature should also take the same value. On the basis of this consideration,
we can obtain the information of f(x).

According to Eq. (4), the effective temperature can be derived by

1({ oM oM
) o)

T —(aﬂj = (7)
TS )y, 2mr [(2x+ F@)1-x") 2+ 1+ + f(x))xz]
From Eq. (3), one know that
2.2 2.2 2
M=(x+1)(xrzc+Qx +Q). ®)
2x(x" +x+1)r,
We can derive the effective temperature
1 206, .5, 4 3 204, .3 2 2
T,=——7——— X+ +x -2 +x+1|—x"(x"+x -2x"+x+Dr",
o =i ¢ ] . ©)
where
A) =72 (F +x+ D[ (=1 f1(x) =2 £ (x) = 2(x +Dx | (10)
In the lukewarm case, there is
2.2
M= =21 11
Q (x+1) (!
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With this, we can obtain the effective temperature of lukewarm RNdS black hole:

x(x* +1)
of — 2,2 : (12)
’ n(x+1D)"(x" +x+1Dr A(x)
We also know that for the lukewarm RNdS black hole, the temperature is
I-x
L=l = (13)
2n(x"+Dr,
Equating the two temperatures, we obtain a differential equation for f(x):
, 2x° 2x°(2x° +3x* +4x° —2x-3
P P S G M it )} (14
I-x"f(x) (x"+x —x-1)
Fortunately, this equation has analytic solution, which is
2x
J(x)=-
5x*+x—x-1)
5 4 3 2 3234, .3 124 5
S5x7+3x +3x —-5x"-2x-2-2(1-x" )" (x"+x —x—1)x ZFI(E;E;E;X ) |- (15)

In Fig. 1, we depict the effective temperature T .and S as functions of x. It is shown that T  tends to
zero as x—1, namely the charged Nariai limit. Although this result does not agree with that of Bousso and
Hawking [13], it is consistent with the entropy. As is depicted in Fig. 1(b), the entropy will diverge as x—1.
Besides, one can see the entropy is monotonically increasing with the increase of x, while T _first increases
and then decreases. According to the general definition of heat capacity,

_oM _ a8

C=""=T—,
oT oT

only in the region of x with positive temperature and positive slope the RNdS black hole can be thermo-
dynamically stable. This is unexpectable. This means when the black hole horizon and the cosmological ho-
rizon are too far away (small x) or too close (large x), RNdS black hole cannot be thermodynamically stable.

In this letter, we have presented the entropy of RNdS black hole. It is not only the sum of the entropies of
black hole horizon and the cosmological horizon, but also with an extra term from the correlation between the
two horizons. This idea has twofold advantages. First, if without the extra term in the total entropy, the effective
temperature is not the same as that of the black hole horizon and the cosmological horizon in the lukewarm case.
This is not satisfactory. Second, the method of effective first law of thermodynamics lacks physical explanation or
motivation. While taking advantage of the method, we obtain the corrected entropy of RNdS black hole, which may
make the method more acceptable.
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